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Abstract

We provide a set of “natural” requirements for quasi-orderings of
finite and infinite binary trees. We show that any ordering satisfying
these requirements must be well-ordered and that there is a unique
minimal such ordering.

The checker has to verify that the process comes to an end. Here
again he should be assisted by the programmer giving a further
definite assertion to be verified. This may take the form of a quantity
which is asserted to decrease continually and vanish when the
machine stops. To the pure mathematician it is natural to give an
ordinal number. In this problem the ordinal might be

(n —r)w? + (r — s)w + k. A less highbrow form of the same thing
would be to give the integer 28°(n — r) + 240(r — s) + k.

—Alan M. Turing (1949)

*Supported in part by the National Science Foundation, grant number CCR-93-20577



1 Introduction

Introducing a completely new structure to a problem can at times lead to an
elegant solution. The structure of a well-ordered set has the important prop-
erties of being total (linear) and having every strictly descending sequence
be finite.

Tree structures are a common data representation in software and can
serve as the state of an algorithm. A well-ordering on tree structures can
be used to make conclusions about an algorithm whose state includes a tree
structure. For instance, an algorithm whose changes to a tree structure are
always strictly descending in a well-ordering of trees must be an algorithm
that terminates.

An easy way to define an ordering is to enumerate a set of requirements,
or principles, that the ordering must satisfy and then choose the minimum
ordering which satisfies those principles. In this paper we introduce a set of
principles for orderings of binary trees (both finite and infinite) which result
in well-orderings and a minimal quasi-ordering of binary trees satisfying
those principles.

2 Basics

The binary tree is the basic object in this paper. Since this paper deals only
with trees that are binary, any reference to tree refers to the binary variety.
A tree consists of nodes which in their most distilled form are nothing more
than positions in a tree. This position is determined by the path of “left”
and “right” segments from the root of a tree. It is natural to define such
paths as strings over a two letter alphabet, a letter for right, say “0”, and a
letter for left, say “1”. Formally, a node will only be a path. A tree is thus
a set of node-paths, in other words, a language. Since all non-root nodes of
a tree have a parent, all prefixes of a node-path must also be a node of a
tree. Thus trees, as a language, are closed over truncation. This lead to a
formal representation of binary trees as formal languages over the alphabet
{0,1} which are closed under truncation.

Definition 1. Let T, all binary trees, be the collection of all languages x
over the alphabet {0,1} such that for any string s in z, any prefix of s is
also in .

The root node of a tree is the empty string €. For example, the tree with
a root node and only a left leaf node is {¢,1}. The empty tree, 0, is {}.



With a formal definition of a binary tree we proceed to define a funda-
mental operation: extracting a subtree.

Given a node in a tree, the subtree at that node consists of all the nodes
with their relative structure below that node. A node is simply a string
path so the subtree at that node consists of all the string paths from the
given node to lower nodes in the subtree. We formalize this operation as
x|, where z is a tree and s a string (node path):

Definition 2. For any tree z and string s € {0,1}",

zl, = {r:sreuz}

Definition 3. Let T + be the collection of all finite trees in T.

With trees as formal languages, it is worth reviewing some concatenation
operations.

Definition 4. For any language = and string w € {0,1}",
zw = {sw:s€ux}
wr = {ws:sé€z}
For any languages x; and xo,
x1x9 = {8182:81 € 11,82 € T2}
The following operation will prove very convenient in constructing trees.

Definition 5. For any trees x and v,

(xAy) = 1lzUOyU{e}

Since the letters 1 and 0 are used to indicate “left” and “right” respec-
tively, negation is used to “switch” from side to side, thus 0 =1 and 1 = 0.

2.1 Ordering Trees

The anti-symmetric property of partial orderings proves to be inconvenient
in being too constrained. More convenient are the binary relationships called
quasi-orderings which are reflexive and transitive, but not necessarily anti-
symmetric. When it is necessary to work in a strict partial ordering, any
quasi-ordering of trees determines a partial ordering over equivalence classes
of trees.



Given a quasi-ordering A, (z,y) € A is denoted z <4 y and y >4 =.
Strict inequality x <4 y is defined as “x <gy and not y <4 z”. If x <, y
and y <4 x then x ~ 4 y and thus x and y are in the same equivalence class
of the partial ordering determined by A.

Quasi-orderings can also have the quality of being total (all elements
can be compared) and having no strictly descending sequence (well-quasi-
orderings).

The first class of tree orderings to consider satisfies two intuitive princi-
ples, Growth and Monotonicity.

The Growth Principle states that a tree is larger that its subtrees.

Principle 1 (Growth). An ordering A satisfies the Growth principle over
C when for any trees x1 and xg in C,

x1 <a (z1 Axo)

xo <a (z1Ax)

The other intuitive principle is that taking a tree and then replacing a
branch with a larger branch results in a larger tree.

Principle 2 (Monotonicity). An ordering A satisfies the Monotonicity
principle over C when for any trees x1, x2 and y in C,

(1 +y) <a (z24Y)

<
1 _Amﬁ{ (yr21) <a (yAx2)

Definition 6. For any collection of trees C, let 21(C) be the collection of
all quasi-orderings on C which satisfy Growth and Monotonicity over C.

One of the nice properties of €1(C) is that is is closed under arbitrary
intersection. Thus (Q21(C) is in Q21(C).

It turns out that (| Q1 (Ty) is the relationship of homeomorphic embed-
ding on finite trees:

Definition 7. For any finite trees  and y, « is homeomorphically embedded
in y if and only if

x=1y OR
x is homeomorphically embedded in y|; OR
x is homeomorphically embedded in y|, OR

x|y is homeomorphically embedded in y|, and x|; is homeomorphically
embedded in yl,



As a special case of Higman’s Lemma , we know that, in any infinite
sequence {¢;}i<, of finite binary trees, there must be two trees ¢; and tj
(j < k) such that ¢; is embedded in t;. In other words an infinite strictly
descending sequence of trees is impossible in [ €21 (T) and thus all orderings
in Ql(Tf)

Thus we find that all orderings in €4 (Ty) are well-quasi-ordered. Order-
ings in 1 (Ts) however are not necessarily well-ordered since they may not
be total. For instance, what should the ordering of (z A y) and (2’ A y’) be
when 2/ < z but y < ¢'? There is no preference given to “left” or “right”.

To narrow down a smaller ordering collection we will make “left” more
significant than “right” by borrowing the idea of a lexicographic (dictionary)
ordering. A lexicographic ordering on two letter acronyms would state that
loly < lsls when [y < lo regardless of how [; and I3 relate.

To extend this idea to binary trees we might state that tree x is less than
tree y whenever x’s left branch is strictly less than g’s left branch regardless
of how = and y’s right branches relate. The only problem with this attempt
is that with orderings in €24 (C) 2’s right branch could be vastly greater than
all of y in which case making x less than y wouldn’t make much sense. For
this reason we will modify our attempt at a lexicographic rule for binary
trees by adding the condition that x’s right branch must be less than y
before can declare that z is less than y. With this addition we having the
following formal principle.

Principle 3 (Lexicography). An ordering A satisfies the Lexicography
principle over C when for all trees x1,x9,y1, and yg in C,

x1 <ay1 and xo <4 (y1 Ayo) — (21 A 20) <a (Y1 AY0)

With this added principle we let £211,(C) be the collection of all orderings
on C which satisfy Growth, Monotonicity and Lexicography over C.

The first new interesting property of all the orderings in Q11,(C) is that
they are not all strict partial ordering.

In general,

Lemma 1. [Lexicographic Collapse] For any ordering A in Q11(C), if x <4
y then

(@A(yrz) ~a (y42)
Proof.

(yrz)) <a (yAz) by Lexicography
( ) ~a (yA2) by Growth



2.2  Well-Orderings on Finite Trees

Restricting ourselves to finite trees, we find that all orderings in Qq1,(Ty)
are total.

Theorem 1. For any ordering A in Qq1.(Ty),
rTSAyorysaw
for all finite trees © and y.

Proof. Let A be any ordering in Q41,(Tf). We proceed with induction on n
with the following inductive proposition :

For all finite trees x and y where n > |z| + |y],
TSAY O YsSAT

For n =0, x and y could only be (), thus case n = 0 holds.

Assume case n = N holds. Consider any finite trees = and y with
|z| + |y| = N + 1. Since |z|;| + |y|;| £ N we must have three cases relating
x|, and yl;:

Case y|; ~a z[;. Either x|y <a yly or yly <a 7|, and thus either
r<payory<acz.

Case y|; <a x|y : Since |z| + |y|y| < N either y|, <4 x in which case
y <a x from Lexicography or x <4 y|, in which case x <4 y from Growth.

Case y|, >4 z|, : Likewise. O

With €4 (Ty) we found well-quasi-ordering that are not necessarily total.
Introducing the Lexicography principle we narrowed this ordering collection
down to 211, (T f) which does consists of total quasi-orderings and thus well-
orderings. This leads us to ask what well-orderings can be found in 11,(Ty).
Okada and Steele [8] relate any ordering in €4 (T¢) to Ackermann’s ordinal
notation. Upon inspection of the recursive ordering relationships of w® + (8
ordinals in €y we find a striking similarity to the Lexicography principle and
thus we can hypothesize that the following mapping from trees to ordinals
might preserve an ordinal ordering to an ordering in €41,(T).

We recursively define a mapping, mq, from finite trees into € (the set of
all ordinals up to €p).

Definition 8.

ml((l)) = 0
mi((zhy) = W™ pma(y)



Definition 9. Let M7 be the quasi-ordering on finite trees

{(z,y) s ma(z) <ma(y)}

Indeed M; must be a quasi-ordering since ¢y (with the usual ordering)
is also reflexive and transitive.

Theorem 2. The quasi-ordering My is in Q11,(Ty).

Proof. 1t suffices to show M satisfies Principles Growth, Monotonicity and
Lexicography.
For any finite trees 1 and x,

m1(x1§ }Swml(xl) + my ()

Thus by definition of m; and M, for any finite trees 1 and xg,

z1

0 } < (1 A 20)

Thus M, satisfies the Growth principle.

Consider any finite trees x1, xg, and y with xg <p7 ;. Immediately
mi(xg) < my(z1) and thus w™ ) £ m;(y) < w™ @) 4my (y) and w™ @) +
mi(xg) < wm®) 4 mi(x1). By definition of m; and M, (x0Ay) <uq
(r1 Ay) and (y Axo) <pn (yAzp). Thus M satisfies the Monotonicity
principle.

Consider any finite trees z1, xg, y1, and o,

Y1 <m, 1 and yo <p, (21 A 20)
mi(y1) < ma(z1) and mq(yo) < w™ @) 4+ my (o)
wmwi) + m1(yo) < wm () + ml(xo)

(y1 A yo) <m, (21 A xo)

Thus M, satisfies the Lexicography principle. U

Since m; maps trees to ordinals, we can only be sure M; has order type
€o once we know m; maps onto all of €.

Theorem 3. M; is of order-type €q



Proof. Since every ordinal in €y can be expressed as some combination of
w®+ 3 and 0, mq maps onto €. Thus, as a quasi-ordering, M is of order-type
€0- O

Since M; is order-isomorphic to €p and ¢y induction is equivalent to the
consistency of Peano Arithmetic, this means that the Embedding Lemma of
Higman cannot be proved in Peano Arithmetic [2].

Now that we have a collection of well-orderings and a member of it, M,
it is natural to wonder whether M; is the minimum ordering of Q11,(T f). If
orderings in Q11,(Ty) are viewed as sets of comparisons and compared via
set-wise inclusion, then there is no minimum orderings of Q;1,(T¢). Proving
this surprising result is a modification of a proof in [1]. However, M is the
leanest ordering of €11,(T) as proved as an example in [1].

2.3 Arithmetic

The mapping from ordinals to finite binary trees gives a convenient data
structure for representing ordinals below ¢y. Arithmetic operations (com-
mutative addition @, commutative multiplication ®, and exponentiation),
and a predecessor operation to get fundamental sequences, are now easy to
define; the following correspondences are suggestive:

0 — 0
1 — (0A0)
@0 — =
xR0 — 0
(@A) @@ AyY) = @ar’ A(zrd)®y)
Ay ®z = (@A0)®2)0 (o)
w® (xx@)
(zry)@ (@' Ary) — (zrys(@'ry)) z<a
pred, (D A0)) — 0
pred,,((x ~+0)) — (pred,(z) ~0) ®n x € Succ
pred, ((x A 0)) — (pred, (z) A D) z € Lim
pred,((x Ay)) — (x4 pred,(y)) y# 0

For example, this binary-tree data structure could be used in implement-
ing the computation of the various extensions of Ackermann’s function (see,
for example, [4] ). An ordinal-indexed function A,(n) can be defined for



ordinals « and natural numbers n by

2n ifa=0,n2>1,
Ay(n) = A(ﬁn)(l) if o is a successor ordinal 3 + 1,

Apred, (o)(n) if a is a limit ordinal.

The computation of this function plays an important role in the unbounded
search procedures of Reingold and Shen [9] . Moreover, these search proce-
dures themselves use ordinals to index the recursive calls.

These operations also make it easy to encode problems like the “Battle
of Hydra and Hercules” of Kirby and Paris [5] as hard-to-prove-well-defined
functions on binary trees.

3 Infinite Trees

Working with infinite trees it will be useful to replace deeply nested branches
of a tree. To replace the branch of tree x at node w with the tree y we use
the following definition of replacement.

Definition 10. For any trees « and y and node w € z,
x[y], :=wyU{s € x: w not a prefix of s}

Lemma 2 (Repeated Monotonicity). For any ordering A in Q41(T),
trees x, y and string s € x,

y<azl,=urly,<ax

Proof. Use the Monotonicity principle recursively on x for each letter in
S. ]

When working with infinite trees it will be useful to denote the “trunca-
tion closure”.

Definition 11. For any set of strings .S let S~ denote the closure of S under
string truncation, that is, the set of all prefixes of member strings of S.

For example, {000}~ = {£,0,00,000}. Note that a prefix of a string
can be itself.
Consider the infinite tree {0}*:



and ({01}*):

both of which are not necessarily comparable in €24 (T).
To see this consider the quasi-ordering of the following five equivalence
classes

po= {0}
P, = { all non-empty finite trees }
Po= {{0}7}
b= {({o1}")", ({10}")"}
P; = { all other trees }
ordered such that
e () is strictly less than all non-empty trees
e all non-empty finite trees are strictly less than all infinite trees
e {0}" is strictly less than all trees in P;
e both ({01}*)” and ({10}*)™ are strictly less than all trees in P
e {0}* remains incomparable to both ({01}*)” and ({10}*)™

This quasi-ordering satisfies Growth, Monotonicity and Lexicography yet
{0}* and ({01}*)” remain incomparable.

It seems natural that {0}* should be less than ({01}*)” for the same
reason {00} is less than {0101} by iterating Growth and Monotonicity.

However, for every N we have 0V{01}*" less than ({01}*)”. It seems
reasonable that {0}* should also be less than ({01}*)".

{0}* is the limit of the sequence of trees {ON{Ol}*f}N.

To define a limit of trees formally we rely on the following definitions:

Definition 12. For any sequence of trees {z;},,

liminfx; = U ﬂ x;
1—00
N=0 i=N
(o] (o]
limsupx; := ﬂ U T;
tee N=0 i=N

10



When both the lim sup and the lim inf equal each other then the limit exists:

lim x; = liminf x; = lim sup z;

The construction of 0V{01}*” via repeated application of tree replace-
ment is a technique worth formalizing as a tree series.

Definition 13. Given a tree y and sequences of strings s; and of trees x;, a
tree series is the result of repeated application of tree replacement, denoted

n

y \ s, = ylwoly, e, - o,
=0

An infinite tree series is

oo n
y N\ [z, = Jim 1y ANEDR
i=0 i=0

We also definte three important properties of an infinite tree series.

Definition 14. Given an infinite tree series

o0
=0
it is extended iff
lim [s;] = o0
71— 00

and descreasing iff for every n > 0

Tn <4 <xonA[9€i]si>

1=0

Sn

Note that decreasing does NOT imply strict decreasing. A series can
consist entirely of order-equivalent trees.

With these definitions in place, we can now introduce the Continuity
principle.

Principle 4 (Continuity). An ordering A satisfies the Continuity principle
iff

oo
y A [il,, <a y
i=0
for every decreasing extended tree series.

11



Surprisingly the addition of the Continuity princple does not force the
tree {0,1}"

to be larger than (). The following quasi-ordering A satisfies Growth, Mono-
tonicity, Lexicography and Continuity,

0 <A all
other
{0,1}* <4 trees

but ) and {0, 1}* remain incomparable.
To address this we introduce the Nil principle,

Principle 5 (Nil). An ordering A satisfies the Nil principle over C when
for any tree x in C,
D<qx

Now we define Q2(C) to be the set of all quasi-orderings of C which
satisfy the Growth, Monotonicity, Continuity and Nil principles over C. Note
Q32(Ty) = 21(Ty). Also note that the intersection of all quasi-orderings in
Q2(T) must be a member of Q(T).

Define €241,(C) to be the set of all quasi-orderings of C in €Q5(C) and
satisfying Lexicography.

3.1 Homeomorphic Embedding

The homeomorphic embedding relationship for finite trees is equal to
(€21 (Ty). Is this true in the infinite case? Is (] 22(T) equal to the homeo-
morphic embedding over infinite trees? First we need to define the homeo-
morphic embedding over infinite trees.

Definition 15. A mapping h from a tree x to a tree y is a homeomorphic
embedding iff h is one-to-one and h(w)a is a prefix of h(wa) for every a €
{0,1} and string wa in z.

If y = {h(w) : w € z}" then h covers y.

Theorem 4. The inverse of a homeomorphic embedding preserves the string
prefiz relationship <.

12



Proof. Suppose h is a homeomorphic embedding. If u is not a prefix of v
then there exists a common prefix w with wa a prefix of v and wa a prefix
of v. Furthermore, we must have both h(w)a and h(w)a a prefix of h(u)
and h(v), respectively, implying that h(u) is not a prefix of h(v). O

We can now show that, like in the finite case, [ Q2(T) is the homeomor-
phic embedding for infinite trees.

Theorem 5. The homeomorphic embedding relationship is a subset of any
quasi-ordering in 2a(T)

Proof. Let A be any member of Q2(T). Consider any homeomorphic em-
bedding h from tree x into tree y. Let {s;};°, be any sequence enumerating
all strings in x {0,1} with shorter strings always before longer strings. For
all n > 0, define

I { Yl ifsn€x
o 0 otherwise
n—1
tn, = (y A [zl]sz>
i=0 .

Since

o
=0

showing that z, <4 t, for all n > 0 shows that by Continuity that = < y
which completes the proof.
We finish with three cases for s,,.

1. For s, € x we have z, = () <4 t,.
2. For sg € z we have s, = € thus 20 = yl,) <a y = to.

3. For s,, € z with n > 0 we have s, = sia for some k < nand a € {0,1}.
Since h is a homeomorphic embedding we have

y|h(ska) SA y|h(sk)a

13



With

= Ylhssa)
y|h(sk)a = Zk|a
n—1
= (yAPmJ
1=0 Spa

we conclude z, <7 t,.

Corollary 1. For any ordering A € Qa(T) and trees x and y,
rCy=r=y

From these results we find a group of infinite trees which are always
equivalent to each other in any ordering of Q2(T).

Definition 16. Let T}, be the set of all trees z with {0,1}" homeomorphi-
cally embedded in x.

Corollary 2. For any A in Q2(T),

=AY
for all trees x and y in Ty,

Proof. For all trees z in Ty,  C {0,1}" and {0,1}" is homeomorphically
embedded in x. U

Theorem 6. The homeomorphic embedding relationship is a member of
Q2(T)
Proof. The homeomorphic embedding must satisfy the Growth principle
because for every infinite tree x and letter a € {0,1} we have x|, homeo-
morphically embedded in z with h(s) = as.

The homeomorphic embedding must also satisfy the Monotonicity princi-
ple since for any tree z, letter a € {0, 1}, and homeomorphically embedding
hy from tree z into x|, we have x [z], homeomorphically embedded in = by

ho(as) = ahq(s)

he(as) = as

14



Showing that the homeomorphic embedding satisfies the Continuity prin-
ciple is a little bit more involved. Consider any extended decreasing tree
series

n—1
=0

By extending the logic for Monotonicity we conclude there exists a sequence
of homeomorphic embeddings h,, which map z, into y. Define

tn = {w € z,: forall j >n, s; not a prefix of w}
Since
oo
U t, = lim z,
n—oo
n=0

we have the well-defined homeomorphic embedding

h(w) = hmin{i:weti}(w)
from lim,, ..o 25, to y. O

With Theorems 5 and 6 we can conclude that the homeomorphic em-
bedding relationship equals N Q2 (T).

Using Higman’s Lemma [3] and results from [6] it can be shown that
the homeomorphic embedding as defined above is well-quasi-ordered. A
binary tree in this paper corresponds to a “Q-tree” in [6] with Q as the
mapping from strings in a tree to their respective sub-branch. Sub-branches
are ordered by another Q-tree ordering with ) as the identity mapping and
strings ordered with the quasi-ordering described in Higman’s Lemma [3].

In this paper however we will explicitly prove that any ordering in Q2 (T)
is well-quasi-ordered rather than relying on the homeomorphic relationship
being well-quasi-ordered.

3.2 Pruning

Before analyzing the quasi-orderings in €225,(T), we decompose some of the
structure within infinite trees. The first notable component of an infinite
tree is the presence of infinite sequences of strings.

15



Definition 17. A tree is linear iff for any two member strings one must be
a prefix of the other.

Every infinite trees has a fundamental structure of all the infinite linear
trees contained by it. The union of all such infinite linear subtrees we will
call the initial pruning of a tree.

Definition 18. The initial pruning of a tree x, denoted Prg(x), is the union
of all infinite linear trees contained by zx.

The initial pruning of a tree essentially has all the “finite” parts of it
pruned away. If a tree is finite, it’s initial pruning is the empty set (.
Consider tree x = {10} U {0'17 : 5 > 0,7 >0},

Thus we have y = Pro(z) = {017 : 4 > 0,5 > 0} where the string 10 was
pruned away as it is not included by any infinite linear tree contained by .
Note how {0}* is in a way more fundamental to y than {1}* since {0}* has
an infinite number of infinite linear trees contained by y branching off of it.
We will call such a linear tree interior since upon removing it from y it will
be regenerated upon prefix closure. That is (y — {0}*)” = y.

Definition 19. A set x is interior to tree y iff (y —z)” = y.

With a concept of interior trees we can define successive rounds of prun-
ing.
Definition 20. Let the pruning of tree x, denoted Pr(z), be the union of
all interior infinite linear trees contained by .

Definition 21. Let the prunings of tree x, denoted & (z) be the smallest
collection of trees closed under intersection, closed under Pr and containing
P 7“0(.%').

Note that & (x) exists because it is the intersection of all collections
satisfying the above conditions and this intersection must also satisfy the
above conditions.

When a tree does not have {0,1}" homeomorphically embedded in it
it has the nice property that & (z) contains a sequence of prunings ending
with (). For trees in T}, however, the sequence does not terminate with (.
For this reason & (x) will be most useful in analyzing trees outside of T},.
The following theorem establishes this result.

16



Theorem 7. For non-empty trees x, x = Pr(x) iff there is a homeomorphic
embedding from {0,1}" covering x.

Proof. If x is not the union of infinite linear trees then x must include some
string w which is not in Pr(z) and for which no string in {0,1}" can be
mapped to w in a homeomorphic embedding from {0,1}" to z. Thus we
now consider only x which are the union of infinite linear trees.

Suppose there exists a homeomorphic embedding f from {0,1}" covering
x. Consider any infinite linear tree s contained by x. By Theorem 4, f~1(s)
must also be an infinite linear tree. Since f~!(s) is interior to {0,1}* so
must f(f~1(s)) and thus s is interior to x. Thus x = Pr(z).

Suppose = Pr(z). For any w in x, x|, can not be an infinite linear
tree since otherwise (wz|,)” is not interior and thus x # Pr(x). Thus for
every w in z, we may choose a shortest g(w) such that {1,0} C z, ).
Map f(e) to g(e). For every string w and letter a € {0,1}, map f(wa)
to f(w)ag(f(w)a). f is a homeomorphic embedding from {0,1}" covering
T. O

The prunings of a tree have a well-ordered structure where Pr(z) acts as
the successor operator and a pruning is “less than” another pruning when
it contains the other (as a set). Note how usually the subset relationship
is treated as a “less than” relationship whereas here we have the superset
relationship as “less than”.

A typical conclusion from set theory using Zorn’s lemma is as follows.

Theorem 8. Consider any partially ordered set (U, <) with the following
properties for every subset S of U

o sup(S) exists in U and is unique

e if S is total, then for any x < sup(S) there must exists some y € S
such that x <y

For any such (U, <) it must hold that for any z € U and function f : U — U
with x < f(x) for all x € U there exists a unique smallest subset M of U
containing z and closed under f and sup. Furthermore such a M must be
well-ordered under <.

Proof. The outline of the proof is to consider the collection of all subsets S
of M such that S is well-ordered under <, z is in S and for every z € S
and y € M with y < x we have y € S. Zorn’s lemma is used to prove the
collection must have a maximal element and then it can be shown that the
maximal element must equal M. U

17



Corollary 3. For any tree x, & (x) is well-ordered under the superset rela-
tion DO.

Proof. We apply Theorem 8 with trees ordered by the superset relation (not
subset). Set intersection qualifies as sup when superset is the “less than”
relationship. The function Pr acts as function f and Prg(z) as z. O

For any given tree, we will want to know what is the largest pruning
whose pruning is (. This will be called the trunk.

Definition 22. The trunk of a tree x, denoted (z), is the union of all trees y
in @ (x) such that Pr(y) = (). If the trunk is linear then (x) may be treated
as a sequence of strings. (z),, is defined to be the string of length n in linear

3.3 Q,(T) well-quasi-orderings

Definition 23. For a € {0,1} and any tree x with linear trunk, define the
following sequences:

x”a = {x’<z>kla : <x>kla’ € <x>}1
Note that these sequences may be infinite, finite and even empty.

Definition 24. Given quasi-ordering A and sequences of trees {z;}.__ and

{viticp with o <w and 8 <w,

<o
{zitica <h {vilics

iff there exists a one-to-one order preserving mapping f : N — N such that
for all @ < o, we have x; <4 yy(;)-

In [7] Higman’s Lemma is generalized to all transfinite sequences for
which the following lemma is an easy special case:

Lemma 3 (Higman’s Extended). If A is a well-quasi-orderings, then A*
1 a well-quasi-ordering.

Definition 25. For any quasi-ordering A and tree sequence {x;},_., with

a < w, {z;} is said to be perpetual in A (or A-perpetual) iff

<o

{xi}i <A {$i+1}z‘
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Note that with this definition the trivial empty sequence () is trivially
perpetual for any quasi-ordering. The only non-trivial perpetual sequences
are infinite.

Some useful facts about A-perpetual sequences are that for any k& > 0,

{xl}z SZ {xl-f—k}z
and
{ze}, <% A{zivk}

The first term in the last inequality is the constant sequence of xp and is
true because x; must be less than (in A) some infinite sequence of z; beyond
T

Definition 26. For any tree x and quasi-ordering A, x is said to be perpetual
in A (or A-perpetual) iff  has a linear trunk and for both a € {0,1} z||, is
A-perpetual and if x is finite then z is ().

Theorem 9 (Perpetual Monotonicity). For any A in Q2(T) and A-
perpetual trees x and y if for both a € {0,1}

o <a vl

then
T <A Y

Proof. Because the branches form perpetual sequences we can find a home-
omorphic embedding h from (z) to (y) where for all va € (x), a € {0,1},
we have

‘T|v6 <A y|h(v)6

Define
bn = ay|h(va) U a‘T|'UE U {6}
where va = (x), ;. Since
z = yne) )\ [,
i=0



showing that this tree series in descending shows by Continuity that x <4
Yn(e) <A ¥y, completing the proof.
Since

= Yln(a),)

n—1
(yh(a) A [t <x>i>
i=0

we complete the proof by observing that with va = (z),  ; we have

(z),,

y|h(va) SA y|h(v)a
g <4 Ylhwa
th <4 Ylpw

O

Corollary 4. For any ordering A in Qa2(T) and A-perpetual tree x with
linear trunk and w € (x)

T <Ay,
Proof. For both a € {0,1},
Tlylle = Allain,bi
zlly <h Allaipr, i
<h o wlyll,
where k, is the number of letters @ in w. O

Definition 27. For any ordinal «,

Ca) = {2€Ty:6(®() <a}

Since ® (z) always contains a least (), C (0) is empty. Since & (z) = {0}
iff  is finite, C (1) = Ty.

Definition 28. For any ordinal o and any quasi-ordering A, let C («, 4, 0)
be C («) union all A-perpetual trees in C (o + 1).

Definition 29. For any ordinal « and any quasi-ordering A,

Ca,A,m+1) = C(e,yAm) U {(xry):z,yeC(a,A,m)}
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Theorem 10. For any ordinal « and ordering A well-quasi-ordered over

C(a),

Cla+1) = [JC(a,4,i)

i>0

Proof. Consider any ordinal «, well-quasi-ordering A and tree z in C (a + 1).
Let b(x) denote
{w € (z) : (z|,) not linear}

Note that z|, € C(a+ 1) iff w € (). We show that b(x) must be finite. If
b(x) were infinite then it must contain some infinite linear tree s. Further-
more, for every member w € s there must exist string v such that wv is in
() but not in s. Therefore s is interior to (z) and thus contained by Pr((z))
but this must be (). Thus b(x) must be finite. Thus x can be constructed by
a finite number of application of ( A ) on sub-branches with linear trunks.
We now show that any such sub-branches with linear trunks can be
constructed by a finite number of application of ( A ) on an A-perpetual tree
thus completing the proof. Consider any y € C («) with linear trunk. If there
is no w € (x) such that y|,, is A-perpetual, then for at least one of a € {0,1}
there is a sequence of {w;}; such that for no i < j is yl,., <a y|w],a but
then A is not well-quasi-ordered over C («). O

Lemma 4. For any ordinal «, integer n > 0, and quasi-ordering A in
Q2(T), if A is well-quasi-ordered over C (o, A,n) then A is well-quasi-
ordered over C (a, A,n + 1)).

Proof. Consider any infinite sequence {z;}, over
C(a7A7n+ 1)\@(0&,14,?’&)

Showing that there must exist a j < k such that x;, <4 w;, completes the
proof.

The sequence { x|y}, must be over C(a, A,n) and thus there must be
an infinite subsequence {xij |0}j increasing in A.

Similarly the sequence {z;, ‘1}]' must also be over C(«, A,n) and thus
there must exist some ¢; and ¢ such that j < k and :cl-j|1 <a j|;- By

Monotonicity it must hold that z;; <4 ;. ]

Lemma 5. For any ordinal o and quasi-ordering A in Q2(T), if A is well-
quasi-ordered over C («) then A is well-quasi-ordered over C(a, A,0)).
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Proof. If a =0, C(«, A,0)) is {0} and thus well-quasi-ordered.
Consider o > 0 and any infinite sequence {z;}, over C (e, 4,0) \ C(a).
The sequence

{zill1};

must be over sequences over C(a) thus by Lemma 3 (Higman’s Lemma
Extension) there must be an infinite subsequence

{xijul}j

that is increasing in <%.
Similarly the sequence

{xijuo}j

must also be over sequences over C («) thus by Lemma 3 (Higman’s Lemma
Extension) there must exist some i; and ¢ such that j < k and

xi]’HO <A xi]’HO

By Theorem 9 (Perpetual Monotonicity) it must hold that x;; <a z;,.
The existence of a zi; <A x;, must also hold for any sequence over
C(a, A,0) and thus A is well-quasi-ordered. O

Theorem 11. Every ordering in Q2(T) is well-quasi-ordered.

Proof. Consider any ordering A in Q2(T). By Lemma 5, finite induction
with Lemma 4 and Theorem 10 we conclude that if C(a) is well-quasi-
ordered then C (a + 1) is also well-quasi-ordered. We apply trans-finite in-

duction to conclude that A is well-quasi-ordered over T},
A must be well-quasi-ordered over all trees since all trees in T}, are order-
equivalent and greater than every tree in T}, by Corollary 2 and Corollary 1.
O

3.4 Qy(T) well-orderings

In this section we prove three basic theorems and a collection of lemmas
which together will prove that all members of €21,(T) are well-ordered.

Theorem 12 (Perpetual Totality). If A is total then <% is total over
A-perpetual sequences.
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Proof. Consider any A-perpetual sequences {z;}, and {y;},. If there exists
some k such that for all j > k we have x; <4 y; then

{zit, <i A{zerids
<i A{wk
<i {viti
If there does not exist k such that for all j > k£ we have z; <4 y; then

there is a one-to-one order-preserving mapping f such that for all ¢ we have
yi <a z5(;) and thus {vi}; < {=i} O

For any tree z, it will be useful to write {x}" to denote the infinite
sequence

(x,z,x,...)

Theorem 13 (Infinite Lexicographic Collapse). For any A in Qa1,(T),
tree y and tree sequence {x;}, if x; <ay for all i >0 then

([j Oilscl-) <a (yA0)
=0

Proof. For all n > 0 define

n—1
tn = (yA0) \ [(ir (y £ 0)g:
i=0
which results in
n—1 '
th = (0"y+0)” U 0Ly
i=0
For all n we have
Tn <4 Y
(xn A (yA0) <a (yr0) by Lexicography
<A tn’on

thus by Continuity

<[j Oilscl-) <a (yA0)
=0

23



since

(Uoile) = dim te = A0 A @ 2 D)y
i=0 =0
]

Theorem 14 (Perpetual Lexicography). For any A in Qa1,(T) and A-
perpetual trees x and y with the trunk of y not equal to 0%,

if xHo <h ?JHO and le <i {y}* then = <avy

Proof. There must exist a mapping f from (z) to (y) such that the following
two conditions both hold:

1. For every v0 € (z), f(v0) = f(v) and f(v)1 € (y)
2. For every vl € (z), f(v)1 = f(vl) and z|,0 <4 Ylp)0
Define

t — (x|q)1 A y|f(v)) if v0 = <x>n+1
" (y’f(vl) Axlyg) vl =(z),
Since
v = ylpey A\ [,
i=0

showing that this tree series in descending shows by Continuity that <4 v,
completing the proof.
Define

n—1

= e A i,
=0

We want to show that

tn <4 Z"|<w)n

for all n > 0.
For v1 = (x),,,, we have
‘T|v0 <A y|f(v)0
Yoy <a Ylpon
tn, <4 y|f(y)
SA zn’v
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fo)l € (y)
y = ?/|f(y)1
Ty <a Yy
<4 Ylywn
b <4 Yly)
<Azl

v

by Corollary 4 and Lexicography.
O

Corollary 5. For any A in Q2(T), tree x and A-perpetual tree y with linear
trunk,

Jule(y) [ e<aylo] = @rz)=ay
Proof. By Growth and Corollary 4 since (y A z) must be A-perpetual. [

Now that we have proved the three basic theorems above, we proceed to
proving four lemmas which when used with trans-finite induction will prove
that Qor,(T) consists of well-orderings.

The later two lemmas, 8 and 9, are summarized as

1. if C(a) is total then so is C («, 4,0)
2. if C(a, A,0) is total then so is C(a+ 1)

These two lemmas together will form the last step in proving that Qar,(T)
is of well-orderings.

The first two lemmas, 6 and 7, are used to prove Lemma 8.

It will be useful to call a set of trees comparable to another set of trees if
every member of one set is comparable to every other member of the other
set.

Lemma 6. For any ordering A in Qar(T) and ordinals f < a with C ()
total, if C () is comparable to C(a, A,0) then so is C (5, A,0)

Proof. Assume the givens with C () comparable to C («, A,0). We first
show which pairs of subtrees are comparable.
Consider any tree z in C(a, A,0) and tree y in C (f, 4,0).
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If 3 = « then z||; is over C () and y is in C (o, 4,0). If 8 < « then z||;
is over and y is in C (). In either case, every member of z||; is comparable
to y. Every member of y||; is in C(8) and thus comparable to z.

Both z||; and y||; must be over C(«), thus by Theorem 12 (Perpetual
Totality) both are comparable in <*. Likewise for x|/, and yl|,.

Now we complete the proof with three cases.

Consider any pair of trees x and y, one from C (a, A,0) and the other
from C (5, A,0), not necessarily in that order.

Consider the first case where both x and y have trunks equal to 0*. By
Theorem 9 (Perpetual Monotonicity) x and y must be comparable.

Consider the second case where both x and y do not have trunks equal
to 0*. If z||; >* {y}" then x >4 y. If y||; >* {2}" then y >4 x. Otherwise
zlly <i {y} and yll; < {«}". Since either zlq <% yllg or yllg <% zllo,
by Theorem 14 (Perpetual Lexicography) either x <4 y or y <4 z.

Consider the last case where one tree has a trunk equal to 0* and the
other does not. With out loss of generality, assume x has a 0* trunk. If there
exists some z in x||; such that y <4 z then y <4 z by Growth. Otherwise
there must be some 0°1 in (y) such that for every z in x||; we must have

z <A Y
<A y’()i]_

and thus by Theorem 13 (Infinite Lexicographic Collapse) we have

r <o (Ylgin A D)
SA y|oi
<A ¥y

O

Lemma 7. For any ordering A in Qar(T) and ordinals f < a with C ()
total, if C (5, A,n) is comparable to C (o, A,0) then so is C(5,A,n+ 1)

Proof. Assume givens and consider any tree z in C(«a, A,0) and tree y €
C(B,A,n+1).

If C (53, A,n) is comparable to C («, A, 0) then either z <4 y|,, in which
case T <4 Y, or Y|y <a x. Likewise either x <4 yl|;, in which case x <4 v,
or yl; <a .

If « does not have trunk 0*, we have x ~4 (x A ()) and thus

vy o= (yli A ylp)
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<a (yly A7)

<a (yly (@1 0))
<a (zA0)
<Az

Otherwise x does have trunk 0*. If there exists an z in z||; such that
yl; <a z then

y = (yli Ayl
<a (yl;+2)
<a (z4Ax)
<a z

Otherwise, since C (o) is total, z <4 y|; for every z in z||; and thus by
Theorem 13 (Infinite Lexicographic Collapse) we have

z <a (yl,A0)
<Ay

O
Now with the previous two lemmas we can prove the following lemma.

Lemma 8. For any ordering A in Qar,(T) and ordinal o, if C(«) is total
then C (a, A,0) is also total.

Proof. For any < «a with C(«) total, we can apply finite induction on
Lemma 7 and use Theorem 10 to conclude that if C (3, A,0) is comparable
to C(a, A,0) then C (8 + 1) is also comparable to C (a, A,0). Furthermore,
by Lemma 6, C (5 + 1, A,0) must also be comparable to C (a, A,0).

With this result and the base case of C (0, A,0) = {0} being comparable
to C (a, A,0), we can apply trans-finite induction to conclude that C (a, A, 0)
is total. O

We now look at the last lemma we need towards proving that all orderings
in Qar,(T) are well-orderings.

Lemma 9. For any quasi-ordering A in Qar,(T) and any ordinal o, if A is
total over C(a, A,0) then A is total over C (o + 1)
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Proof. Let R, denote

UC(a,A,i) x C(a,A,n —1)
1=0

We proceed with induction on n with the following inductive proposition:

For all (z,y) € R,
T<AYy o ysaz

For n =0, x and y are comparable in A by hypothesis.

Assume case n = N holds. Consider any (z,y) € Ryyi1. Since
(z]y, y|;) € Rn we must have three cases relating x|, and y|;:

Case y|; ~a z[;. Either x|y <a yly or yly <a 7|, and thus either
r<payory<acz.

Case y|; <a z|; : Since (z, y|,) € Ry either y|, <4 x in which case
y <a « from Lexicography or & <4 y|, in which case x <4 y from Growth.

Case y|; >4 z|; : Likewise.

By finite induction, A is total over C(a, A,n) for any n and thus over
C (a+ 1) by Theorem 10. O

Theorem 15. FEvery ordering in Qo (T) is well-ordered.

Proof. By Theorem 11, 41,(T) is well-quasi-ordered. Showing all members
of Qar,(T) are total completes the proof.

Consider any ordering A in Qor,(T). Showing that A is total over T,
completes the proof since all trees in T} are equivalent (Corollary 2) and
greater than every tree in T}, .

By Lemma 8 and Lemma 9, if C («) is total then C (a+ 1) is also total.
By trans-finite induction we must have A total over T}, O

As with finite trees, the set of ordering for infinite tree has a leanest
ordering, as defined in [1]. With the result of €Q21,(T) consisting of total
well-quasi-orderings, the example proof of existence for finite trees in [1] can
be re-applied to infinite trees.

3.5 Order Type

In this section we find the order-type of the leanest ordering of Q2r,(T). The
first step is finding the initial segment of M which has the order-type of the
first uncountable ordinal.
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Definition 30.

DO = {@}
Dot1 = Do U{x:Vn(z|gn, € Do)}
]D)supai = U]D)Oéi
@i

Theorem 16.

U]Da = T,

acwl

where T, is the set of all trees for which any contained linear subtree has
only a finite number of letters 1.

Proof. By transfinite induction over the well-orderedness of tree prunings, it
can be shown that any tree in T, must also be in some D,. Conversely, any
tree with a linear subtree containing an infinite number of ones must not be
in any D, because that would imply that there exists an infinite sequence
of ordinals which is strictly descending. O

Definition 31. Over the set T, define:
f(z) = inf{a:xzeD,}
and let F' be the quasi-ordering such that
r <p Yy
if and only if f(z) < f(y).
Theorem 17. F € Qo1,(T,)

Proof. Showing that F' satisfies the Growth, Monotonicity, Lexicography
and the Nil principles is fairly straightforward. We now consider the Conti-
nuity principle. Given any decreasing extended tree series in Qar,(T,):

y N\ [z,
=0

we must have some N for which all £ > N there in no symbol 1 in s;. This
implies that for all £ > NV

9] k
f (y A [xi]&) < f (yA [wi]sZ)

=0 i=0
By repeated finite monotonicity we must have the limit tree series less than
or equal to y in F'. O
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Lemma 10. For any trees x and y in Ty, if f(z) < f(y) then x <pr v,
where M is the leanest ordering of Qar,(T).

Proof. We proceed with transfinite induction over wy, the first uncountable
ordinal. For any given o < wj our inductive hypothesis is that f (z) <
f (y) = o implies = <ps y.

Consider any f (z) < f(y) = a and suppose the inductive hypothesis
holds for all ordinals strictly less than «. For some integer n we must have

Tlgmy <M Ylony

for all integers m. Thus by Infinite Lexicographic Collapse we have

r <y (Ylony A D)
<M Yy

We must also have x <j; y since otherwise there would exist an ordering
strictly leaner than M which is equal to M for all tree comparisons within
{z: f(z) < a} and equal to F for all other tree comparisons. O

Theorem 18. The order type of the leanest ordering over T, is w1, the first
uncountable ordinal.

Proof. Since the leanest ordering over T, is a subset of F'; M has an order
type equal to or greater than the order type of F'. The order type of F' must
be wy since if F' has a countable order type, a tree in T, can be constructed
to required F' to have a higher order type. Conversely, F' can have no
order type greater than wy since for any tree in T, there will be at most a
countable number of trees in a lower order-position in F'. The order type
of M can also not be greater than w; since the order-type of M within an
F-equivalence-class will always be countable. U

We now expand our analysis to determine the order type of the leanest

ordering over all infinite trees. We can start by expanding the definition of
D.

Definition 32.

Do (z) = {=}
Doti1(x) = Do (z)U{z:Vn(z|gn, € Do (x))}

]D)supai (:C) = U]Daz (‘T)
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Theorem 19.
T\T, = U Da()

o € wq
zeTy

where Ty, is the set {0} union the set of all trees with an infinite linear trunk
containing an infinite number of 1 symbols.

Proof. Every tree not in T} has a well-ordered set of prunings with () as the
first pruning. Via trans-finite induction it can be shown that any tree outside
Tj, must be constructible from D, (z) and trees with trunks containing an
infinite number of 1 symbols. O

Definition 33. For any cardinality &, let ¥ denote the normal function
which maps any ordinal « to the first ordinal whose set of predecessors:

e contains all W¢(/3) for which 8 < o
e contains the first strict upper bound to any subset of cardinality &

If £ is finite, then W¢ is o +— w - a. For £ = Ry we have Wy, (i) = wy - i
for i < w, however Wy, (w) is much larger than w; - w.

Theorem 20. The leanest ordering of Qa1 (T) has the order-type of the
successor of the first fized point of WUy, .

Proof. Let M denote the leanest ordering of €Qaor,(T). The set T \ Ty, is
partitioned by the collection of sets

U Da(x)

a<wi

where x is () or any tree with an M-perpetual linear trunk containing an
infinite number of 1 symbols. Furthermore, these partitions form a well-
ordering. The mapping from the order-type of the well-ordering of partitions
to the order-type in M is the mapping ®y,. As ordered by M, a partition
must contain strict upper bounds of subsets of cardinality Ny, exactly as ®y,
enumerates ordinals.

This means M over T \ Tj must have the order-type of the first fixed
point of ®y,. With T} as an equivalence in M greater than all other trees
we must have the order-type of M as the successor. O

Conjecture 1. The leanest ordering of Q21,(T) has an order type greater
than or equal to the order type of any well-ordering in Q2(T).
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3.6 Regular Trees

Stepping from finite trees to infinite trees resulted in a very large step in
order type. The set of all infinite trees with only a finite number of distinct
subtrees is an intermediate step from finite trees to infinite trees. This
section discusses some of the properties of regular trees.

All of the previous results about infinite trees apply to regular trees,
with the exception of order-type. The leanest ordering over regular trees
only has order-type €., the first critical epsilon number.

When restricted to regular trees, perpetual trees are much simpler. For
either side of the trunk of a regular perpetual tree there must be a maximum
branch (in comparison to all of the other branches on the same side). Any
such tree must be equivalent to the perpetual tree with only the maximum
branches on the given sides.

For the set T, restricted to the set of regular trees, T,, this greatly
reduces the order-type so much so that T, U T, only has the order-type of
finite trees, €y. Any perpetual tree in T, UT, is equivalent to a simple single
left branch perpetual tree which, by Theorem 13, is merely the predecessor of
(x A () where x is the successor of the single left branch. Adding predecessors
will not increase the order-type of T, U T, from the order-type of the finite
trees, thus the order-type remains at €.
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